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Abstract: We discuss the eigenvalues of real symmetric matrices, especially focus on the eigenvalues of matrix BB
where B expresses the adjacency relation between two parts of a semiregular bipartite graph. Based on this, the
existence of two kinds of (r, k)-semiregular bipartite graphs are excluded.
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1. Preliminaries

Let ¢ = (V(G),E(6)) be undirected simple graph on 1. vertices with adjacency matrix A = A(G). Denote by A, A,, - - -
, \.all the distinct eigenvalues of A with multiplicities my,my,---,m, (T._,m; = n), respectively.

These eigenvalues are also called the eigenvalues of G. All the eigenvalues together with their multiplicities are
called the spectrum of G denoted by Spec(G) ={\, 1™ , ILI™2, ..., A"t 1™

Bipartite graphs with few distinct eigenvalues have nice combinatorial properties and many studies on it
are somehow relevant to the combinational designs, such as [4, 5, 6]. Most of the studies focus on the spectral
characterization of regular or semiregular bipartite graphs with five distinct eigenvalues [2, 3]. Here we discuss the
non-existence of some semiregular bipartite graphs with five distinct eigenvalues in terms of the properties of real
symmetric matrices BB .

Lemma 1.1. Let M be a symmetric matrix of size n, having constant diagonal and constant row sums w, and spectrum
{w!, 01,072}, with w = 0; then n is even and ( possibly after permuting rows and columns) M can be written as
a)+a']n w—0 n

M "t T2
- | wto w—0
—In — Jn

n-7 n -7
Lemma 1.2. Let M be a real symmetric matrix of size n, with spectrum {o™, 0""™} where m = 1. Then

M = a(uluf + -+ umu,Tn) with U1, -+, U, being the pairwise orthogonal eigenvectors of M with respect to
o.

2. Main Results

Theorem 2.1. Connected (r, k)-semiregular bipartite graph with size n,, n, of each part and spectrum
I -2 _ -2 I
{ K, /17211 2 0Tl2 n1+21 - /11211 k4 - Tk}
does not exist.
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0O B
Proof. Suppose that G is a (r, k)-semiregular bipartite graph with adjacency matrix A = (Br 0) . From the
spectrum of G we have

Spec(BB) ={[rk]',[A3]™~2, [0]'}.
Further,
Spec(BBT —221) := {[rk — A3]!, [-A3]}, [O]" 2}

Recall that BB" — /12 l'is a symmetric matrix of size 711, having constant diagonal r — Az and constant row sums
rk — /12 From lemma 1.1 we have

rk—22 rk

— 2Jnq —Jn1

1 2 ny” 2
BB A% I= 5 )

rk rk—245

—Jm Jm

nq 2 nq 2

On the other hand, by taking f (x) = x( — 12 and from the spectral decomposition of f (A) we get

( —/12 D =ele’ —A3)P, —o(p* — A3)P,

k
plp®=A3) J \[J plp*=A3) A) Iny _\/;J

n1+7_n2 k n1+1__n2 k k
\/; J E, — \ﬂ J kI,

and then

— )\2 (ol )2
B(B™B — XI) = (BBT — \2I)B M iJ:MJ_ 3)
?’11-1-;?12 r nq

B
We partition V, into two equal parts V,, U V,, and correspondingly denote B =( B; ) such that each B, expresses
the adjacency relation from V,;to V, fori= 1, 2. From (1) and (3) we have

rk—233 28 1B, 4 £ B, = El:é;rézl Jot i, (0)-
, rk—2\2 k(rk—X )
hyp, 4 B g, L M) g ()

Assume that
JB] = e'—l?l ® (plup21 U 1%12)1 JBE = e’—;l ® (QI: 4z, - 1'@?12)'-
where p;, g;, respectively, denote the number of vertices in V,, and V,, that adjacent to w, € V,, fori=1,---,n,.
Clearly, p; + g;= k. We will give following three claims.
Claim1:Foranyie{1,---,n},p; #0and g; #0.
If p,= 0, by comparing the ith column of both sides of equality (i) we have
k. k(rk —\)

P =

n Ty

Note that 42 = ni—2 ,then 4i= k 7 —z .Sinceg;is aninteger and k > 2, it forces to have k=2, then 1 =g,
= k=2 which is a contradiction. If g;=0, we similarly deduce a contradiction from equality (ii).

/12 nir—rk ni—k

Claim 2:Forany i, j € {1,--+,n,}, p;=p;and g;= g,

Suppose that there are j, j € {1, - - -, n,} such that p; # p, and correspondingly, g; # g;from (i) and (ii). Furthermore,
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from the ith and jth columns of equality (i) and (ii) we get

rk — 2)\2 rk rk rk — 22
T(Pz' - Pj) = n—_l(G‘j - Qi): ﬂ_l(pt _}J’j) = T(Qj —q;)-

Then we obtain that

rk — 2)\2 rk
2 = 3 = )\% = fk
rk rk — 2X3

A contradiction.
Claim3:Foranyi e {l,---,n}, pi=p= =
Itis known thatp,=---=p, =pand g, =---=q,, = qfrom claim 2. So we have JB, = pJ, JB, = qJ and from (i), (ii)

rk — 2)\2 rk rk rk — 2)2 —2)2 —2)2

72;}+—q]——;J+7J = 2p = 2q.

n n ny ni

K
Thus P=4 =7 since A5=0.

k
So far, we assert that both G[V,; U V,] and G[V,, U V,] are (T’E)-semiregular bipartite graphs. On the other
hand, from

B,BT B,BT\ BET rk- 2"‘2,;,1, + 2] ok Joy
ByBT ByBI') — - _lJﬂ rk- ”‘2 Iu + A2
n 2
we get
rk — 2)\2
BBY = ByBY = =" "2 Juy 4+ AL
T

Clearly, /1% is integer because rk is integer and @ ,(G; x) is a monic polynomial with integer coefficients. We
rk—223 _ r(k-2)

might as well set T A then /12 =1 — A.By lemma, both B, B, are incidence matrix of

k
( n21 s Mo, Ty o A ) -BIBD, and hence G[V,, U V,] and G[V,, U V,] are the incidence graph of this design.

k
However, B1Bz = ;—1] means that any vertex of V,, share the same number of neighbours in V, with any vertex of
V,,, which is impossible. It completes our proof.

Theorem 2.2. Connected (r, k)-semiregular bipartite graph with size n,, n, of each part and spectrum
(Vrie, 2,7%, oremmrt, — 73, —rk}
does not exist.
Proof. Let G be a (r,_k)-semiregular bipartite graph with spectrum {\/T_, A;”*a, Qre—mtt . /1'2“73, - \/ﬁ}
Then BB™ has spectrum {[rk]%, [A3]"173,[0]?} . Furthermore, Spec(BBT — A31) = {[rk — 23]%,[ — 23]% [0]™ ).

rk—23
n
, Spec(M) = {[ — 23]3,[0]™~2}. Then from Lemma 1.2,

M =— 2Zuu” + ww")

Let M = BBT — 231 —
rk—23

J be a real symmetric matrix of size 1 with constant row sum 0 and constant

diagonal r — 23 —
ni
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where u, w are the orthogonal eigenvectors of M with respect to — /1% (and also of BB" with respect to 0). Suppose

that u = [ug, -, un, ", w= [wy, -, wy,]" . Note that rk + (n; — 3)A3 = Tr(BBT) = n;rsoforanyie {1,---,n;}
we have

U mem Uy + w; Equnl w; =0, n
ut--l—u,i:jg(?_)\% rk— A)_T.f_l.

ny

It is easy to verify that

0 = Z?—ll(“' E]<Z<n ?-51 + w; Zl<£<n1 wy)

_ n o2 1w
= Ui+ w3 Zi;éz up D Wi )y W
= (ul + Ug + -+ - + um)z + (wy +wy + -+ + wm)?.
Thus ¥ u; =0 and an w;=0,andhence uf =uf=-=ul, w=wi=-.= wj, - It follows

that there are exactly 7 'S U; equal a and others equal -a, and there are exactly ﬂ’s w; equal B and others
equal -B. Also note that y L w, so it forces to have

u=(ael , —ael )T, w= (6’en . —LS’eﬂ, Bel, , —fBen, ),
2 2 4 4

and then

(a®+82)J  (a®2—B2)J (—a?+5%)J (—a?—p2)J
M o= —)\2 (a®=B2)J  (®+482)J (—a?—B2)J (—a?+8%)J
o (=a?4+8%)J (=a®=5%)T (a®+5°)] (o®=F7)J
(—a?=B%)J (—a?+8%)J (a?-5%)T (a?45%)J]

By simply calculating, we have

det(x] — M) = 2™ 2(z + n1\2a®) (z + ny N257),

and the nonzero eigenvalue of Mis

2 _ 2 2 2 52
—A5 = —np A’ = —ny A5 0.
2 _p2_ 1 _ ppT _ 427 Tk=25
Thus & =p°= n .Recall that M = BB 31 n J , S0 we get
rk—=3A2 _ rk—A2 _ rk—x3 ; rk+A3 y
Tll b 7!1 ' I'll b Tll )
rk=A2 o rk=3A2  rk4A3 0 rk-23
, rk — \2 J J J J
—/\,2_!: IIT"I ZJ_ ny nq mny ny (5)
2 - rhk—22 kA2 rk—3A2  pk—aZ :
ﬂ.l 27 27 27 2
mnj T ny ni
a2 a2 _ 2 2
lk-f\zJ rk 1\2”.( rk f\zJ rk ':U\. ]
Tll 7!1 I'll

Now we partition V; into four equal parts V;; U V;, U V;; U V,, and correspondingly denote B = (BT, BY,BE, BDT

such that each B, expresses the adjacency relation from V;; to V, for i=1,2,3,4. On the other hand, from the
demonstration of theorem we also obtain equality (3). Combining (5) we get following four equalities.
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([ rk—3A3

TSN By + 2152+ 3 I By JH“*“'}‘UJE;&1
) rk A2 ]Bl_i_rk u IBz+rk+}. JB‘:;+ JB4
rk AQ }-B] ?"k-i—)xz JB + rk— ?AQ JB + rk .3\2 JB4 (C

b);
rk+)\2 }-B] 'rk AQ JBQ + rk— AgJBq‘l- rk— '7}.3‘2 JB4 d)
JB;

(a
(

a);
);

‘. L

k
As parallel as the proof of theorem , we can also obtain three claims and finally get, fori=1,2,3,4, = Z] ,each

G[V;UV,] isa (T.4) semiregular bipartite graph, and furthermore,
rk — 32

ny

BBl = ByBY = B:B] = ByBl = J+ 2.
rk—323

Suppose that = /1, it is easy to verify that » — 1 = A2. So each G[V; U V,] is an incidence graph of

niy

( ’1—1, n,,r, Z—, A )-BIBD. Thus a similar contradiction can be deduced from BlB]T =

B1B£ =

ji=2,3 and

rk+23
—Z7

ni
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